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1. Introduction

Economics traditionally takes individuals’ motivations—their preferences—as given. Hence, the predictive power of eco-
nomic models depends on the assumptions made regarding these motivations. But if preferences are inherited from past
generations, a theory of their evolutionary foundation is called for. In particular, one may ask what preferences have survival
value in a given society. Should we expect pure self-interest, altruism (Becker, 1976), warm glow (Andreoni, 1990), reciprocal
altruism (Levine, 1998), inequity aversion (Fehr and Schmidt, 1999), self-image concerns (Bénabou and Tirole, 2006), moral
motivation (Brekke et al., 2003), or something else? This question is at the heart of the literature on preference evolution,
initiated by Giith and Yaari (1992). In a recent contribution to this literature (Alger and Weibull, 2013), we showed that, for
pairwise interactions evolution favors a class of social preferences, the carriers of which we called Homo moralis. However,
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many interactions involve more than two persons. Can the definitions, methods and results for pairwise interactions be
generalized to interactions in groups of arbitrary size? Like in Alger and Weibull (2013), we here let the mathematics show
the way from evolutionary stability conditions to the preferences that evolution favors.

More precisely, we develop a theoretical model for analysis of the evolutionary foundations of human preferences in
strategic interactions in arbitrarily large groups, of given finite size, under assortative random matching. Individuals in an
infinite population are randomly matched in groups of a given size to play a symmetric and aggregative game in material
payoffs (or fitness).! Each individual is endowed with a (subjective) goal function that expresses his or her preferences
over strategy profiles in the interaction at hand. Goal functions are private information. We allow for a wide range of
symmetric aggregative interactions, including complex intertemporal interactions of arbitrary length. The only requirement
is that each player’s strategy set be a compact and convex set in some normed vector space. We define a goal function
to be evolutionarily stable against another goal function if, in every (Bayesian) Nash equilibrium in every population state
where the latter goal function is sufficiently rare, individuals endowed with the former goal function materially outperform
those with the latter. Conversely, a goal function is evolutionarily unstable if there exists another goal function such that,
no matter how small its population share, there is some (Bayesian) Nash equilibrium in which the latter goal function
materially outperforms the former one.

A key feature of our model is that it allows the random matching to be assortative in the sense that individuals who
are of a vanishingly rare (“mutant”) type may face a positive probability of being matched with others of their own type,
even in the limit as their type vanishes. While such matching patterns may at first appear counter-intuitive or even im-
possible, it is not difficult to think of reasons for why they can arise. First, while distance is not explicitly modeled here,
geographic, cultural, linguistic and socio-economic distance imposes (literal or metaphoric) transportation costs, which im-
ply that (1) individuals tend to interact more with individuals in their (geographic, cultural, linguistic or socio-economic)
vicinity,” and (2) cultural or genetic transmission of types (say, behavior patterns, preferences or moral values) from one
generation to the next also has a tendency to take place in the vicinity of where the type originated.> Taken together, these
two tendencies may generate the assortativity that we here allow for. We formalize the assortativity of a random matching
process in terms of a vector we call the assortativity profile. This is the probability vector for the events that none, some, or
all the individuals in a (vanishingly rare) mutant’s group also are mutants. This generalizes Bergstrom’s (2003) definition of
the index of assortativity for pairwise encounters.*

Our analysis delivers three main results. First, although we impose virtually no restrictions on potential goal functions,
hence allowing for an infinite-dimensional type space, evolution favors a particular finite-dimensional class of goal functions.
Individuals with preferences in this class attach some weight to their own material self-interest but also to what can
be interpreted as a probabilistic version of Kantian morality.” To be more precise; in his Grundlegung zur Metaphysik der
Sitten (1785), Immanuel Kant wrote “Act only according to that maxim whereby you can, at the same time, will that it
should become a universal law.” Similarly, Homo moralis attaches some weight to the goal of “acting according to that
maxim whereby you can, at the same time, will that others should do likewise with some probability.” More precisely, a
Homo moralis individual in a group of arbitrary size n > 1 maximizes a weighted average of equally many terms, indexed
k=0,1,...,n— 1, where each term is the material payoff that she would obtain if, hypothetically, she could replace the
strategies of so many other individuals in the group by her strategy. We call the vector of these weights the individual's
morality profile. Homo moralis holds correct expectations about others’ actions and yet partly evaluates her own actions
in this (hypothetical) probabilistic Kantian sense. In other words, she is concerned with the morality of her own acting,
irrespective of what others do.® What action would she prefer if, hypothetically, also others would choose the same action
in her situation? We show that, in order for such preferences to be evolutionarily stable, the morality profile must equal
the assortativity profile.”

Our second main result is that any preferences that induce equilibrium behaviors that differ from those of Homo moralis
with the stable morality profile are evolutionarily unstable. In particular, then, our results imply that Homo oeconomi-
cus—pure material self-interest—is evolutionarily unstable under any random matching process in which the probability
is positive that at least one other group member of a vanishingly rare mutant’s group is also is a mutant.

! The notion of aggregative games is due to Dubey et al. (1980). See also Corchén (1996). The key feature is that the payoff to a player is a function
of the player’'s own strategy and some aggregate of all others’ strategies, see e.g. Acemoglu and Jensen (2013). For models closer to ours, see Haigh and
Cannings (1989) and Kocgkesen et al. (2000a, 2000b).

2 Homophily has been documented by sociologists (e.g., McPherson et al., 2001, and Ruef et al., 2003) and economists (e.g., Currarini et al., 2009, 2010,
and Bramoullé and Rogers, 2009).

3 In biology, the concept of assortativity is known as relatedness, and the propensity to interact with individuals locally is nicely captured in the infinite
island model, originally due to Wright (1931); see also Rousset (2004). In Lehmann et al. (2015) we carry out an analysis in this vein.

4 See Bergstrom (2013) and Alger and Weibull (2013) for further discussions of assortativity under pairwise matchings.

5 For a discussion of several ethical principles, see Bergstrom (2009). See also Bergstrom (1995).

6 Homo moralis preferences are distinct from the equilibrium concept “Kantian equilibrium” proposed by Roemer (2010). Moreover, Homo moralis is not
subject to “magical reasoning” or the “transparent disposition fallacy,” see discussion in Binmore (1994, Ch. 3).

7 Clearly, no goal function is evolutionarily stable against all other goal functions, since distinct functions may generate the same behavior. However,
Homo moralis with the right morality profile is evolutionarily stable against all goal functions that are not its “behavioral alikes,” i.e., goal functions that
induce behaviors that would also be rational for a Homo moralis with the right morality profile.
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The third main result in this study is that the equilibrium strategies used by Homo moralis with morality profile equal
to the assortativity profile coincides with the set of evolutionarily stable strategies, as defined by Maynard Smith and
Price (1973) for pairwise uniform random matching. Hence, evolutionarily stable strategies in the classical sense can be
interpreted as the result of free choice of rational individuals whose preferences have emerged from natural selection. We
establish operational first- and second-order conditions for the equilibrium behavior of Homo moralis for the special case of
differentiable material payoff functions and conditionally independent random matching.

The rest of the paper is organized as follows: the model is specified in Section 2, the main result is presented in
Section 3, strategy evolution is analyzed in Section 4, first- and second-order conditions are given in Section 5, the literature
is reviewed in Section 6, and Section 7 concludes.

2. Model

Maynard Smith and Price (1973) defined evolutionary stability as a property of (pure or mixed) strategies in finite and
symmetric two-player games. With X denoting each player’s set of mixed strategies and 7 (x, y) € R denoting the payoff to
strategy x against strategy y, they called a strategy x evolutionarily stable if it is a best reply to itself and a strictly better
reply to all its alternative best replies than these are to themselves. In an infinitely large population of uniformly randomly
matched paired individuals who play a finite game, this definition is equivalent to the existence of a positive invasion barrier
against every “mutant” strategy y # x, such that if the population share of y is below its invasion barrier, then it earns a
lower average payoff than x.

We generalize this stability criterion to obtain a notion of evolutionary stability of (subjective) goal functions for players
in symmetric n-player games with general strategy spaces X, under random matching that may be assortative. To be more
precise, we consider n-player games (for any n > 1) in which each player has the same set X of (pure or mixed) strategies,
and 7 (x, y) € R is the material payoff to strategy x € X when used against strategy profile y = (y1, ..., yn_1) € X"~L. If the
players are firms the material payoff is profit, if the players are individuals it is the fitness effect upon the individual. We as-
sume 7t to be continuous, and aggregative in the sense that 7 (x, y) is invariant under permutation of the components of y.
The strategy set X is taken to be a non-empty, compact and convex set in some normed vector space. This generality of the
nature of the strategy set allows for a large variety of interactions, and evidently generalizes that of standard evolutionary
game theory, where n =2 and X is the unit simplex of mixed strategies in a finite and symmetric two-player game (and
hence X is a compact and convex set in a Euclidean space).

We will henceforth consider as given such a game in material payoffs. Let F denote the associated set of continuous and
aggregative functions f : X" — R.® An individual's goal function is such a function f € F, to also be called the individual’s
utility function or type. An example is f = 7, that is, an individual whose goal function coincides with his or her material
payoff, a type we call Homo oeconomicus.

We analyze interactions in which each individual’s type is his or her private information. Consequently, an individual’s
strategy choice cannot be conditioned on the types of the others with whom (s)he has been matched to play. However,
an individual’s strategic behavior may be adapted to the statistical frequency of types in her random matches, and such an
adaptation may be used to define evolutionary stability of a type, a topic to which we now turn.

2.1. Matching

For the purpose of defining evolutionary stability it is sufficient, as in the original set-up of Maynard Smith and Price
(1973), to consider populations in which only one or two types are present. For any types f, g € F, and any ¢ € [0, 1], let
s=(f, g, ¢€) be the population state in which the two types are represented in population shares 1 — ¢ and ¢, respectively.
Let S = F2 x [0,1] denote the state space, the set of possible population states. We are particularly interested in states
s=(f,g,¢) in which ¢ is positive and small. By convention, we then call f the resident (or incumbent) type and g, being
rare, the mutant type.

The matching process is exogenous. In any population state s = (f, g,€) € S, the number of mutants—individuals of
type g—in a group that is about to play the material-payoff game is a random variable that we denote T. For any resident
drawn at random from the population let pp (¢) be the conditional probability Pr[T =m | f, s| that the number of mutants
in the resident’s group is m, for m=0,1,..,n — 1.7 Likewise, for any mutant, also drawn at random from the population,
let gm (¢) be the conditional probability Pr[T =m + 1] g, s] that the number of other mutants in his or her group is m,
again for m=0,..,n— 1. Let p(e) = (po(€),...,pn-1(¢)) and q (&) = (qo (€),...,qn—1(¢)) be the so defined probability
distributions, both belonging to the ((n — 1)-dimensional) unit simplex A"~! in R". We assume that p(¢) and q(s) are
continuous in the mutant population share ¢ € (0, 1) and that they converge to p* € A"~ ! and q* € A", respectively, as
e—0.

8 Extensions to more general goal functions are conceivable but appear to call for a considerably more involved analysis, perhaps leading to the same
results as we now have. In order to define non-aggregative goal functions some or all group members would have to be exogenously assigned distinct
player roles and allowed to value others’ strategy choice differently depending on player roles.

9 The first random draw cannot, technically, be uniform, in an infinite population. The reasoning in this section is concerned with matchings in finite
populations in the limit as the total population size goes to infinity. We refer the reader to the appendix for a detailed example.
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In order to get a grip on these limiting probabilities, we use the algebra of assortative encounters developed by Bergstrom
(2003) for pairwise interactions. For a given population state s = (f, g, €), let Pr[f|f, €] denote the conditional probability
for an individual of the resident type f that another, uniformly randomly drawn member of his or her group also is of the
resident type. Likewise, let Pr{f|g, €] be the conditional probability for an individual of the mutant type g that another,
uniformly randomly drawn member of his or her group is of the resident type f. Let ¢ (¢) be the difference between these
conditional probabilities:

¢ (e)=Pr[fIf.e]—Pr[flg. e]. (1)

This defines the assortment function ¢ : (0,1) — [—1, 1]. We assume that this function is continuous and that it has a limit
value as the mutant share tends to zero:

lim¢(e)=o0, (2)
e—>0

for some o € R, the index of assortativity of the matching process (Bergstrom, 2003). Moreover, by setting ¢ (0) = o we
continuously extend ¢ from its domain (0, 1) to the domain [0, 1).
The following equation is a necessary balancing condition for all ¢ € (0, 1):

(1—&)-[1=Pr[f|f.ell=¢-Pr[flg.e]. 3)

Each side of the equation equals the probability for the following event: draw at random an individual from the population
at large and then draw at random another individual from the first individual’s group, and observe that one individual is a
resident and the other a mutant. Equations (1) and (3) together give

{Pr[flf,8]=¢(8)+(l—s)[1—¢(8)] )
Prifig.el=0—-¢&)[1—¢ (e)].

Now let ¢ — 0. From (3) we obtain Pr[f|f,&] — 1, and hence p(¢) — p* = (1,0,0,...,0) € A" 1. In other words,
residents virtually never meet mutants when the latter are vanishingly rare. It follows from (4) that o € [0, 1].!°

Turning now to the limit vector g* € A"~!, which we call the assortativity profile of the matching process, we note that
in the special case of pairwise interactions (n =2), g* = (1 — o, 0), since then:

q; = limPrg|g,e]=1—limPr[flg,e]=1— [1 — lim¢>(8):| =0.
e—0 =0 =0

However, for n > 2 there remains a statistical issue, namely whether or not the types of other members of a mutant’s group
are statistically dependent or not (in the given population state). Later on, we will consider the case of conditional statistical
independence. However, in the general analysis we make no assumption about dependence or independence of the types of
other group members.

Just as with the assortativity function ¢, we continuously extend the domain also of p (-) and q(-) from (0, 1) to [0, 1)
by setting p (0) = p* and q (0) = q*. Uniform random matching is the special case when q* = p*, that is, when the limiting
conditional matching-probabilities for mutants are the same as for residents.

2.2. Equilibrium play

In any given population state s = (f, g, &) € F2 x (0,1), a type-homogeneous (Bayesian) Nash equilibrium is a pair of
strategies, one for each type, such that each type’s strategy is a best reply, in terms of the goal function for any individual
of that type in the given population state. Let (9(’"),5() denote any vector y € X"~! with m components equal to y and the
remaining components equal to x. Using our continuous extensions of the matching probabilities to include the limit case
when & =0, we may define equilibrium for all population states with a non-negative share of mutants:

Definition 1. A strategy pair (X, J) € X? is a type-homogeneous (Bayesian) Nash Equilibrium in population state s =
(f.g.6) e F2x[0,1) if

{ R € argmaxyex Yo Pm (&) - f (x, (§™™, %)) (5)
J € argmaxyex Ym_odm (8) - & (y. (§™. %)).

Let BNE (s) € X2 denote the set of such Nash equilibria in population state s. For any given types f and g, this defines
an equilibrium correspondence BNE (f, g,-) : [0,1) = X? that maps every mutant population share ¢ € [0,1) to the associ-
ated set of equilibria. We note that BNE (s) is compact (by compactness of X and continuity of f and g). Moreover, if f

10 This contrasts with the case of a finite population, where negative assortativity can arise for population states with few mutants (see Schaffer, 1988).
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and g are concave in their first argument (for any given vector of others’ strategies), then BNE (s) is non-empty, by stan-
dard arguments.!! We also note that if € =0, then the first equation in (5) is equivalent with (type-homogeneous) Nash
equilibrium play among residents in the absence of mutants (and is hence independent of the mutant type g). Formally,
e=0 =Xepy (5<) where, for any goal function f € F, the best-reply correspondence 8¢ : X = X is defined by

Br (x):argr;lea)%( fy, xx...,x). (6)

We call the set X (f) = {x eX:xepy (x)} the set of residential equilibrium strategies associated with the goal function f.
By a slight generalization of the arguments in the proof of Lemma 1 in Alger and Weibull (2013) one obtains that
the equilibrium correspondence BNE (f, g,.):[0,1) = X? is upper hemi-continuous, a fact we will use when analyzing
evolutionary stability.
Let ($< j/) e BNE (s) for some population state. The associated average equilibrium material payoffs to residents and mutants
are

me (&) - n( ( m X)) (7)

and

Mu (% 3, €) qu(S) 7 (9. (¥™.%)). 8)

respectively. Both quantities are continuous in (&, v, 8) € X2 x [0,1) by virtue of the assumed continuity of the material-
payoff function and the matching probabilities.

2.3. Evolutionary stability

The following definitions of evolutionary stability and instability are generalizations of the definitions in Alger and
Weibull (2013).

Definition 2. A goal function f € F is evolutionarily stable against a goal function g € F if there exists an & > 0 such that
Mg (X §.€) > My (%, 3, €) for all € € (0,) and all (&, 7) € BNE(f, g, €). A goal function f € F is evolutionarily unstable if
there exists a goal function g € F such that for all £ > 0 there is a population state (f, g, &) € F2 x (0,1) with € <& and a
strategy pair (%, J) € BNE (f, g, &) such that Ty (%, J, &) > g (%, 3, €).

In other words, the requirement for stability is that the residents should earn a higher material payoff in all Nash
equilibria for all sufficiently small population shares of the mutant type. By contrast, the requirement for instability is that
there should exist at least one mutant type that would earn a higher material payoff in some Nash equilibrium when
mutants are arbitrarily rare. Note that we do not require that populations should always play Nash equilibria. For stability
we simply require that if this were the case, then residents must outperform mutants materially. Likewise, for instability we
require that there exists a mutant type and a sequence of Nash equilibria, with smaller and smaller population shares of
this mutant, such that if one of these Nash equilibria were played, then the mutants would outperform residents materially.

Clearly, no goal function is evolutionarily stable against all other goal functions in F, for the simple reason that (infinitely
many) goal functions result in precisely the same behavior in all situations, and hence in precisely the same material payoffs.
For example, consider g = Af + c¢ for some A > 0 and c € R. More generally, for any f € F, let A(f) € F be the set of
“behavioral alikes” of f. This is the set of mutant goal functions g € F such that for some Nash equilibrium among the
residents there is strategy that is also a best reply for a mutant. Formally,

A =|geF:3(%9)eB" (f.g.0) where j e f; (¥)].

In particular, f € A(f) for every goal function f € F, and g€ A(f) if g=Af +c for some A > 0 and c € R. Other examples
are goal functions g of the form g (x, y) = — Hx — )QH for some X € X (f), that is, individuals for whom one of f’s residential
equilibrium strategies is strictly dominant. Then clearly g € A (f).

Definition 3. f € F is evolutionarily stable if it is evolutionarily stable against all g ¢ A (f).!2

11 This follows from Berge’s maximum theorem combined with the Fan-Glicksberg-Kakutani fixed-point theorem, theorems that hold when X # @ is a
compact and convex set in a locally convex Hausdorff vector space (hence in particular in a normed vector space), see e.g. Aliprantis and Border (2006).
12 This weaker definition than that in Alger and Weibull (2013) allows a less involved stability statement in the theorem.
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2.4. Homo moralis

We need only one more ingredient before we can state and prove our main result, namely, a generalized definition of
“Homo moralis” (Alger and Weibull, 2013).

Definition 4. An individual is a Homo moralis with morality profile st € A"~ if his or her goal function f satisfies
f,y)=E[r(xY)] V¥ eX, 9)

where Y is a random (n — 1)-vector such that with probability u, exactly m € {0,...,n — 1} of the n — 1 components of y
are replaced by x, with equal probability for each subset of size m, while the remaining components of y keep their original
values.

Clearly, Homo oeconomicus (f = m) is a Homo moralis goal function, namely, the one with morality profile u =
(1,0,...,0), so that Pr[Y = y] = 1. At the opposite extreme of the spectrum of Homo moralis we find Homo kantientis,
the variety of Homo moralis that has morality profile w = (0,...,0,1), so that Pr[Y = (x,x,...,x)] = 1. We write fx for
this goal function, defined by fx (x, y) =7 (x, (x,x,...,x)) for all xe X and y € X", Individuals of this “pure Kantian”
type always choose a strategy that, if hypothetically adopted by everyone in the group, would maximize all group members’
material payoffs. As mentioned in the introduction, such reasoning is in line with Immanuel Kant’s categorical imperative.
The behavior of all other varieties of Homo moralis lies between these two extremes. Homo moralis with morality profile
Jt € A" 1 behaves as if she followed a probabilistic version of Kant’s categorical imperative; she evaluates the strategies at
her disposal in the light of what would happen in the hypothetical scenario in which others would probabilistically use her
strategy, according to the probability distribution g.'3

3. Main result

We are now in a position to state and prove our main result, namely, that Homo moralis with the assortativity profile of
the matching process as its morality profile is evolutionarily stable against all types that are not its behavioral alikes, and
that any type that does not behave like this particular variety of Homo moralis when resident is unstable. Write f* € F for
the goal function of a Homo moralis with morality profile u = q*.

Theorem 1. f* is evolutionarily stable. Any f € F with X (f) N X (f*) = @ is evolutionarily unstable.

Proof. For the first claim, let f = f* and g ¢ A (f), and suppose that (x, y) € BNE (f, g,0).Since g ¢ A(f), f (x, (x,...,X)) >
f(y,(x,...,x)). By definition of f*, the last inequality is equivalent with D (x, y) > 0, where D : X2 — R is defined by
D (x,y) =Tg (x,y,0) — Iy (x, y,0). By continuity of [Ty and I, D is continuous. Since BNE (f, g, 0) C X? is compact
and D (x,y) > 0 on BNE(f, g, 0), there exists, by Weierstrass' maximum theorem, a § > 0 such that D (x, y) > & for all
(x,y) € BNE(f, g,0). Again by continuity of ITg and ITy, there exists a neighborhood U € X2 x [0, 1) of the compact set
BNE (f, g,0) x {0} such that ITg (x, y, &) — [Ty (x, y, &) > 8/2 for all (x, y, e) € U. Moreover, since BNE (f, g,-):[0,1) = X?
is compact-valued and upper hemi-continuous, there exists an & > 0 such that BNE (f, g, &) x [0,e] C U for all & €0, &).
Thus IR (x, y, &) — Iy (x, y,€) > /2 for all £ €[0, &) and (x, y) € BNE (f, g, €). This establishes the first claim.

For the second claim, let f € F be such that X (f)NX (f*) =@, and let X € X (f). Then f*&, (X,...,%)) > f*&, (X....,%))
for some X € X. Since F is the set of all continuous (aggregative) functions, there exists a type g € F for which x is a strictly
dominant strategy (for example g (x, ¥) = — |x — k|), so individuals of that type will always play . By definition of f*,

My (%%0)= f*®, (%,....%) > f*R, (%,....8) =TIz (%, %,0).

Let (&¢);cy be any sequence from (0, 1) such that & — 0. By upper hemi-continuity of BNE (f, g, ) there exists a sequence
(Xt, Yt)¢ey from X2 such that (x;, y;) € BNE (f, g, &) for all t € N and x; — & for some % € X (f). By definition of the mutant
type g, y: = for all t € N. Since I1g and Iy are continuous, there exists a T > 0 such that Iy (x;, %, &) > g (x;, %, &)
for all t > T. Hence, f is evolutionarily unstable. O

The theorem establishes that evolutionary stability favors Homo moralis preferences with a morality profile that precisely
reflects the assortativity of the matching process. If there is assortativity in the sense that g < 1, this result implies some
morality in the sense that the random vector Y in the definition of Homo moralis satisfies Pr[Y = y] < 1. The intuition
for this result is that in a population that consists almost solely of Homo moralis with the “right” morality profile, these
individuals use some strategy that would maximize the average material payoff to a vanishingly rare mutant who would

13 These intermediate cases are most easily seen in the case of pairwise interactions. For n = 2, equation (9) boils down to f (x, y) = po - T (X, ¥) + i1 -
7 (x,X), a convex combination of selfishness and morality, with weight w1 € [0, 1] to the latter. In Alger and Weibull (2013), we call @1 the degree of
morality.
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enter this population. Stated differently, a population consisting of such Homo moralis preempts entry by rare mutants,
rather than doing what would be best, in terms of their own material payoff, for the residents in the absence of mutants.'*
Importantly, then, both the result and its intuition is very different from that of group selection.

The theorem is built upon a definition of evolutionary stability that takes as the relevant set of material payoffs those
that arise in Nash equilibria of the game under incomplete information. The first claim in the theorem—about the stability of
Homo moralis with morality profile equal to the assortativity profile—evidently holds for any refinement of Nash equilibrium,
such as perfect or proper equilibria, or sequential or perfect Bayesian equilibria in the extensive form of the game in
question. Likewise, the second claim in the theorem—about the evolutionary instability of behaviorally distinct other goal
functions—evidently holds for any coarsening of Nash equilibrium, such as rationalizability. Moreover, it is not difficult to
verify that this second claim, about instability, in fact holds for any upper hemi-continuous refinement of the set of Nash
equilibria. We also note that the proof of the theorem only concerns strategy profiles with at most two distinct components.
Hence, the theorem remains valid if one were to accordingly weaken the definition of Homo moralis.

The result in Alger and Weibull (2013) provided insight about whether the assumption of selfishness, which is common
in economics, has an evolutionary justification when individuals interact in pairs. Our present result generalizes this insight
to interactions with n > 2 players.”” In a nutshell, the theorem says that if preferences are unobservable, selfishness, that is,
the goal function fr =, is evolutionarily stable (modulo behavioral alikes) if and only if there is no assortativity at all in
the matching process, i.e., q; = 1. Furthermore, and importantly, our result gives the exact form in which morality may be
expected to operate—and why—in groups of arbitrary size.

To see why the two-player case did not provide a clear indication as to how morality would appear in larger groups,
recall that for n =2, (9) boils down to

fy)=po -7 Xy +pu-mxX).

From this expression it is not clear whether, when n > 2 individuals should maximize a convex combination of selfish-
ness, 7 (x,y), and the categorical imperative, 7 (x, (x,X,...,X)), or some other function. Our result shows that unless
= (Lo, (41, --.,, Mn_1) € A" 1 is such that pg + pn_1 = 1, individuals will also attach weights to the material payoffs
that would arise should, hypothetically, subsets of the others use the same strategy.

In general, Homo moralis may have a utility function that appears to be fairly involved. However, this need not be the
case. Consider, for instance, the case of conditional independence in the random matching. By this we mean that, for a
given mutant who has just been matched, the types of any two other members in her group are statistically independent,
at least in the limit as the mutant becomes rare. Clearly, this restriction on the nature of the matching process is vacuous in
the case of pairwise matching. However, for matchings into larger groups, it renders the family of Homo moralis preferences
one-dimensional. To see this, let o € [0, 1] be as defined in (2). Conditional independence in the limit as the mutant goes
extinct gives a binomial limit distribution,

Gm = lim, <n m ) (Pr(glg. eD™ (Pr[flg, e)" ™! = (" N )o’" 1 — o)1, 10)

foranyn>2and m=0,1,...,n—1.16

Hence, under conditional independence, evolution favors Homo moralis preferences with a particularly simple morality
profile, p = Bin(n — 1, o), one that (for a given group size) can be described with a single parameter, o € [0, 1]. The goal
of such an individual is to maximize his or her expected material payoff if, hypothetically, each other member of his or
her group would statistically independently switch to her strategy with probability o. From a mathematical viewpoint, the
Homo moralis family then defines a homotopy (see e.g. Munkres, 1975) parametrized by o, between pure selfishness 0 =0
and pure Kantian morality, o = 1. In this one-dimensional case, we will refer to o as the degree of morality.

4. Strategy evolution

Here we adopt the assumption in the original formulation of evolutionary stability (Maynard Smith and Price, 1973),
namely, that an individual’s type is a strategy that she always uses. A question of particular interest here is whether strategy
evolution gives guidance to the behaviors that result under preference evolution.

Formally, we can embed strategy evolution as a special case of preference evolution by restricting the type space from
the set F of all goal functions to a subset of goal functions that all render a particular strategy strictly dominant, and such
that there for each strategy exists at least one such goal function. The simplest subset of goal functions with this property
is, arguably,

F={feF:f(x y) =—|x—&| forsomeke X}.

14 see also Alger and Weibull (2013) and Robson and Szentes (2014) for a similar observation.

15 Note that, by contrast to Alger and Weibull (2013), here the theorem does not require uniqueness of the best response of Homo moralis. This is because
here our definition of the set of behavioral alikes is wider.

16 In the appendix we present a matching process with this conditional statistical independence property.
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Thus, in a population state s = (f, g, ) where f,g e F, some strategy X € X is always played by the residents and some
strategy § € X is always played by the mutants. Hence, the associated set BNE (s) of type-homogeneous (Bayesian) Nash
equilibria is then the singleton set {(5( j/)} and the above machinery applies. In particular, a strategy x € X is evolutionarily
stable against a strategy y € X if there exists an € > 0 such that ITg (x, y, &) > ITy (x, y, &) for all € € (0, €), and a strategy
x € X is evolutionarily unstable if there exists a strategy y € X such that for all € > 0 there exists an € € (0, &) such that
Iy (x,y,¢) > T (x,y, €). A strategy x € X will be called evolutionarily stable if it is evolutionarily stable against all strate-
gies y # x. This terminology agrees with the standard evolutionary game-theory terminology (see Hines and Maynard Smith,
1979, and Broom et al., 1997). In particular, we obtain the classical definition of Maynard Smith and Price (1973) as the
special case when n =2 and the random matching is uniform, g5 = 1.
A necessary condition for x € X to be evolutionarily stable is

Mr(x,y,0)> My (x,y,0) VyeX. (11)

Likewise, a sufficient condition for evolutionary stability is that this inequality holds strictly for all strategies y # x.
Since Iy (x, x,0) = IR (x, x,0) = IR (x, ¥, 0), the necessary condition (11) for a strategy x to be evolutionarily stable
may be written

x € argmax Iy (x, y,0). (12)
yex

This condition says that for a strategy x to be evolutionarily stable, its users have to earn the same average material payoff
as “the most threatening mutants”, those with the highest average material payoff that any vanishingly rare mutant can
obtain against the resident. As under preference evolution, then, an evolutionarily stable type preempts entry by rare mutant

types.
Likewise, the sufficient condition for a strategy x to be evolutionarily stable can be written

Iy (x,%,0) > Iy (x,y,0) Vy#x. (13)

Interestingly, then, irrespective of group size n, evolutionarily stable strategies may be interpreted as Nash equilibrium
strategies in a derived two-player game, where “nature” plays strategies against each other, and where the payoff from
playing strategy y against strategy x is V (y,x) =TIy (x,y,0). Let I’ = <N, X", 7r) denote the game in material payoffs and
I'v =({1,2}, X2, V) the derived game.

Proposition 1. If x € X is an evolutionarily stable strategy in T, then (x, x) € X% is a Nash equilibrium of T'y. If (x, x) € X? is a strict
Nash equilibrium of T'y, then x is an evolutionarily stable strategy in T", while if (x, x) € X? is a not a Nash equilibrium of Ty, then x
is evolutionarily unstable in T".

This proposition allows us to make a connection between strategy evolution and Homo moralis preferences. Indeed,
while under strategy evolution each individual mechanically plays a certain strategy—is “programmed” to execute a certain
strategy—we will now see that any evolutionarily stable strategy may be viewed as emerging from rational individuals’ free
choice when striving to maximize a specific utility function. To see this, note that thanks to permutation invariance,

V(y,X)zniqi;-n(y, (y(””,X)), (14)
m=0

where (y(m),x), like before, is any vector y € X"~! with m components equal to y € X and the other components equal to
x € X. Combining this observation with Proposition 1 and the fixed-point equation (12) we obtain:

Corollary 1. If x is evolutionarily stable, then x € X (f*). If x € X (f*) and B¢« (x) is a singleton, then x is evolutionarily stable. Every
strategy x ¢ X (f*) is evolutionarily unstable.

This corollary establishes that the behavior induced under strategy evolution is as if individuals were equipped with
Homo moralis preferences with a morality profile that exactly matches the assortativity profile. More precisely, in games
where Homo moralis of morality profile £ = q* has a unique best reply to each residential equilibrium strategy, preference
evolution under incomplete information induces the same behaviors as strategy evolution.

5. Differentiability

In this section we derive a result that allows to easily characterize the set of evolutionarily stable strategies for the
case of differentiable material payoff functions and conditionally independent random matching when the set X is finite-
dimensional.

Suppose that X is a non-empty subset of R¥ for some k € N. We will say that x is strictly evolutionarily stable (SES) if
(13) holds for all y # x, and we will call a strategy x € X locally strictly evolutionarily stable (LSES) if (13) holds for all y #x
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in some neighborhood of x. If, moreover, 7 : X" — R is differentiable, then so is V : X2 — R, and standard calculus can be
used to find evolutionarily stable strategies. Let V,V (¥, x) be the gradient of V with respect to y. We call this the evolution
gradient; it is the gradient of the (average) material payoff to a mutant strategy y in a population state with residents
playing x, and vanishingly few mutants. Writing “-” for the inner product and boldface 0 for the origin, the following result
follows from standard calculus'”:

Proposition 2. Let X C R¥ for some k € N, and let x € int (X). If V : X2 — R is continuously differentiable on a neighborhood of
(x,x) € X2, then condition (i) below is necessary for x to be LSES, and conditions (i) and (ii) are together sufficient for x to be LSES.
Furthermore, any strategy x for which condition (i) is violated is evolutionarily unstable.

(i) VyV (¥, %))y=x =0,
(ii) x—y)-VyV (y,%) > 0 for all y # x in some neighborhood of x.

The first condition says that there should be no direction of marginal improvement in material payoff for a rare mutant
at the resident type. The second condition ensures that if some nearby rare mutant y  x were to arise in a vanishingly
small population share, then the mutant’s material payoff would be increasing in the direction leading back to the resident
type, x.

Conditions (i) and (ii) in Proposition 2 can be used to obtain remarkably simple and operational conditions for evolu-
tionarily stable strategies if the strategy set X is one-dimensional (k= 1) and 7 is continuously differentiable. Writing 7
for the partial derivative of 7 with respect to its jth argument, and X for the n-dimensional vector whose components all

equal &, one obtains'3:

Proposition 3. Assume conditionally independent matching with index of assortativity o, and suppose that 7t is continuously differ-
entiable on a neighborhood of X € X", where X C R. If X € int (X) is evolutionarily stable, then

(X)) +0-(n—1) 1, (%) =0. (15)

Proof. If v is continuously differentiable, V is continuously differentiable. Hence, if x € int (X), Proposition 2 holds, and the
following condition is necessary for x to be an evolutionarily stable strategy:

VVy (¥, %) y=x= HX_E (n ;l 1)0'” (1— O_)n—m—l ini <y7 (y(m),x>> —0.

m=0 j=1 ly=x
Since 7 is aggregative, this equation may be written
n—1 n—1
Z( N )am(l—o)"*’"” [71 (%) +m - 71, (X)] =0, (16)
m=0

where x is the n-dimensional vector whose components all equal x. Since

n—1

> (" B ]>a'" A=) "™ 'm=m-1)-0,
m

m=0

the expression in (16) simplifies to 71 X) + (M —1)-0 -1, (x) =0. O

Let f, denote the Homo moralis goal function with degree of morality o (that is, 4 = Bin(n — 1, 0)) with associated
best-reply correspondence B, and set of residential equilibrium strategies X, . Together with Corollary 1 and Proposition 2,
the preceding proposition implies:

Corollary 2. Suppose that X C R is an open set, that 7 is continuously differentiable, and that B, (x) is a singleton for each x € X,
Then the set X, coincides with the set of evolutionarily stable strategies. Moreover, each x € X satisfies (15).

17 See, e.g., Theorem 2 in Section 7.4 of Luenberger (1969), which also shows that Proposition 2 in fact holds when the gradient is the Gateaux derivative
in general vector spaces.
18 Symmetry of 7 implies that 7, (X) = (%) for all j> 1.
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6. Literature

When introduced by Maynard Smith and Price (1973) the concept of evolutionary stability was defined as a property
of mixed strategies in finite and symmetric two-player games played under uniform random matching in an infinite population,
where uniform random matching means that the probability of meeting a mutant is the same for all individuals in the
population. Broom et al. (1997) generalized Maynard Smith’s and Price’s original definition to finite and symmetric n-player
games, for n > 2 arbitrary, while maintaining the assumption of uniform random matching in an infinite population.'® They
noted the combinatorial complexity entailed by this generalization, and reported some new phenomena that can arise when
interactions involve more than two parties. Evolutionary stability and asymptotic stability in the replicator dynamic, in the
same setting, was further analyzed by Bukowski and Miekisz (2004). Schaffer (1988) extended the definition of Maynard
Smith and Price to the case of uniform random matching in finite populations, and also considered interactions involving
all individuals in the population (“playing the field”). Grafen (1979) and Hines and Maynard Smith (1979) generalized the
definition of Maynard Smith and Price from uniform random matching to the kind of assortative matching that arises when
strategies are genetically inherited and games are played among kin. As mentioned in Section 4, our model generalizes most
of the above work within a unified framework.

In a pioneering study, Giith and Yaari (1992) defined evolutionary stability for parametrized utility functions, assuming
uniform random matching and complete information, that is, every player knows the type of the other player in the match.?°
This approach is often referred to as “indirect evolution.” The literature on preference evolution now falls into four broad
classes, depending on whether the focus is on interactions where information is complete?! or incomplete,>? and whether
non-uniform random matching is considered.?> Few models deal with interactions involving more than two individuals. Like
here, the articles in this category focus exclusively on interactions that are symmetric and aggregative in material payoffs,
the payoffs that drive evolution. Unlike us, they restrict attention to uniform random matching. Kockesen et al. (2000a,
2000b) show that under complete information about opponents’ preferences, players with a specific kind of interdependent
preferences fare better materially than players who seek to maximize their material payoff. Sethi and Somanathan (2001)
go one step further and provide sufficient conditions for a population of individuals with the same degree of reciprocity to
withstand the invasion of selfish individuals, again in a complete-information framework. By contrast, Ok and Vega-Redondo
(2001) analyze the case of incomplete information. They identify sufficient conditions for a population of selfish individuals
to withstand the invasion by non-selfish individuals, and for selfish individuals to be able to invade a population of identical
non-selfish individuals.

7. Conclusion

To understand human societies it is necessary to understand human motivation. In this paper we build on a large litera-
ture in biology and in economics, initiated by Maynard Smith and Price (1973), to propose a theoretical framework within
which one may study the evolution of human motivation—preferences—by way of natural selection. The set of potential
preferences is taken to be the set of all continuous and aggregative preferences over strategy profiles. Our analysis shows
that a particular preference class, that we call Homo moralis, comes out as a clear winner in the evolutionary race. An in-
dividual with such preferences maximizes a weighted sum of the material payoff that she would obtain in a hypothetical
probabilistic scenario in which none, some, or all the individuals with whom she interacts would also use her strategy; the
weights represent the probabilities, and we call the hypothetical probability distribution the individual’s morality profile.

Although quite general, our model relies on a number of simplifying assumptions, such as symmetry. Relaxation of these
assumptions, as well as the question of how preferences evolve when interacting individuals can partially or fully observe
each other’s preferences, is a task that has to be left for future research. Yet another challenge would be to investigate
evolutionary neutrality, setwise evolutionary stability and/or evolutionary stability properties of heterogeneous populations.

For the past twenty years or so economists have proposed varieties of pro-social or other-regarding preference in order
to explain certain observed behaviors, mostly in laboratory experiments but sometimes in the field, that are at odds with
maximization of one’s own material payoff. Our research has so far delivered two results of relevance for behavioral eco-
nomics. First, the result that natural selection selects preferences with a distinct Kantian flavor; it is as if individuals in their
strategy choice attach some importance to what would happen if others, hypothetically, would take the same actions as
they do. Second, we have the result that the importance that individuals attach to this Kantian morality aspect depends on
the assortativity in the matching process, and is independent of the interaction in question. Since historically, assortativity
arguably has varied between populations and over time (depending on geography, technology and social structure), this

19 Precursors to their work are Haigh and Cannings (1989), Cannings and Whittaker (1995) and Broom et al. (1996).

20 See also Frank (1987).

21 gee Robson (1990), Giith and Yaari (1992), Ockenfels (1993), Huck and Oechssler (1999), Ellingsen (1997), Bester and Giith (1998), Fershtman and Judd
(1987), Fershtman and Weiss (1998), Kockesen et al. (2000a, 2000b), Bolle (2000), Possajennikov (2000), Sethi and Somanathan (2001), Heifetz et al. (2007a,
2007b), Akgay et al. (2009), Alger (2010), and Alger and Weibull (2010, 2012).

22 see Ok and Vega-Redondo (2001), Dekel et al. (2007), and Alger and Weibull (2013).

23 In the literature cited in the preceding two footnotes, only Alger (2010), Alger and Weibull (2010, 2012, 2013) allow for non-uniform random matching.
Bergstrom (1995, 2003) also allows for such assortative matching, but he restricts attention to strategy rather than preference evolution.
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second result suggests that one should expect the importance of morality to differ accordingly. Likewise, our results sug-
gest that if in a population individuals are involved in several different interactions, and assortativity differs between them
(e.g., sharing with relatives, and engaging in market interactions with strangers), then one should expect different levels
of morality in the different interactions. We hope that our theoretical results, combined with empirical and experimental
work, will enhance the understanding of human behavior and motivation.

Appendix A. A class of matching processes

Let n, I and P be positive integers, and imagine a finite population consisting of P individuals. The population is divided
into “islands,” each island consisting of I > n individuals, and P is some multiple of I. Initially all individuals are of type f.
Suddenly a mutation to another type g occurs in one of the islands, and only there. Each individual in that island has
probability p of mutating, and individual mutations are statistically independent. Hence, the random number M of mutants
is binomially distributed M ~ Bin (I, p). In this mutation process, the random number M is also the total number of mutants
in the population at large, so the population share M/P of mutants is a random variable with expectation & = pI/P. A group
of size n is now formed to play a game I' = (N, X", 7'r> (as described in Section 2) as follows, and this is an event that is
statistically independent of the above-mentioned mutation. First, one of the islands is selected, with equal probability for
each island. Secondly, n individuals from the selected island are recruited to form the group, drawn as a random sample
without replacement from amongst the I islanders and with equal probability for each islander to be sampled.

Consider an individual, i, who has been recruited to the group. Let h; € {f, g} denote the individual’s type. If h; = g, it
is necessary that M > 0 and that the individual is from the island where the mutation occurred, so the random number of
other mutants in her group is then binomially distributed, Bin (n — 1, p). With T denoting the total number of mutants in
her group, we have, for m=0,1,2,...,n—1,

qm:Pr[T:m+1|h,-:g]:<nn_11>,om(1—p)"_m_l. (17)

If instead h; = f, then M = 0 is possible and individual i may well be from another island than where the mutation
occurred. We then have

I -1 Cm_
PmZPF[T:mmi:f]SF'(nm )p’“(l—p)" m-1

form=0,1,2,...,n—1.
Likewise, for any two group members i and j,

Prlhj=glhi=g]=p and Pr[hj=g|h;=f]=<pl/P.

Keeping p, n and I constant, we may write Pr[f|f,&] for Pr[hj= f | h;= f] and Pr[f|g, &] for Pr[hj = f | hj = g]. These
conditional probabilities are continuous functions of € = pI/P. In addition, we have 1—¢ <Pr[f|f,e] <1 and Pr[f]|g,¢] =
1 — p. Letting P — oo, we obtain ¢ — 0 and Pr[f|f, €] — 1. Hence, lim,_.o ¢ (¢) = p, so the index of assortativity is o = p.
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